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MODULE DEGENERATIONS AND FINITE FIELD EXTENSIONS
NILS M. NORNES
Abstract. Degeneration of modules is usually defined geometrically, but due
to results of Zwara and Riedtmann we can also define it in purely homological
terms. This homological definition also works over fields that are not alge-
braically closed. Let k be a field, K a finite extension of k and Λ a k-algebra.
Then any K ⊗k Λ-module is also a Λ-module. We study how the isomorphism
classes, degeneration and hom-order differ depending on whether we work over
Λ or K ⊗k Λ.
1. Introduction
Let k be a field, K a normal finite field extension of k and Q a quiver. Since
K-vector spaces are also k-vector spaces and all K-linear maps are k-linear, any
K-representation of Q is also a k-representation. But, since not all k-linear maps are
K-linear, two nonisomorphicK-representationsmay be isomorphic as k-representations.
Example 1. Let Q be the Kronecker quiver and consider the CQ-modules
M : C
1 //
i
// C , N : C
1 //
−i
// C .
M and N are not isomorphic as CQ-modules, but if we view them as RQ-modules,
there is an isomorphism given by complex conjugation.
More generally, if Λ is a k-algebra, then two K ⊗k Λ-modules may be isomor-
phic in modΛ, the category of finite-dimensional Λ-modules, but nonisomorphic in
modK ⊗k Λ.
When we need to specify which algebra two modules are isomorphic over, we
will add a superscript to the isomorphism sign, e.g. M ≃RQ N .
The Λ-isomorphism class of a given K ⊗k Λ-module splits into a number of
K ⊗k Λ-isomorphism classes. In section 2 we give a complete description of these
isomorphism classes.
Since isomorphism classes depend on which algebra we are working over, so do
the degeneration order and the Hom-order.
Degeneration of modules is usually defined geometrically. For a natural number
d and a k-algebra Λ, let modd Λ be the set of algebra homomorphisms from Λ
to Md(k), the ring of d × d-matrices with entries in k. Given a homomorphism
µ ∈ modΛ we can make a module structure on kd. For any λ ∈ Λ, x ∈ kd, we define
λx := µ(λ) · x, where x is viewed as a column vector and the multiplication on the
right hand side is just matrix multiplication. This lets us identify modd Λ with the
set of Λ-module structures on kd. The set modd Λ is actually an affine variety, and
we say that a module M degenerates to a module N if N is in the closure of the
isomorphism class of M .
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This definition only works when k is algebraically closed, and in this paper we
want to look at other fields. In [9], G. Zwara showed that there is an equivalent
module theoretic way to describe degeneration, and we will use this description as
the definition.
Definition. Let M and N be modules in modΛ. M degenerates to N if there
exists a module X ∈ modΛ and an exact sequence
0 // X // X ⊕M // N // 0 .
We denote this by M ≤deg N . An exact sequence of the above form is called a
Riedtmann sequence.
This definition works for any field. With this definition it is not obvious that
≤deg is a partial order, but this was shown by G. Zwara in [7].
The degeneration order does not behave nicely with respect to cancellation of
common direct summands, so in [3] C. Riedtmann introduced another order.
Definition. Let M and N be Λ-modules. M virtually degenerates to N if there
exists Z ∈ modΛ such that M ⊕ Z ≤deg N ⊕ Z. We denote this by M ≤vdeg N .
M ≤deg N clearly implies M ≤vdeg N , but for some algebras the virtual degen-
eration is strictly finer. This was first shown by an example due to J. Carlson (see
[3]).
The last partial order we want to study in this paper is the Hom-order, which
is based on the dimensions of Hom-spaces. We will denote the k-dimension of
HomΛ(M,N) by Λ[M,N ].
Definition. Given two Λ-modulesM and N , M ≤Hom N if Λ[X,M ] ≤ Λ[X,N ] for
all X ∈ modΛ (or, equivalently, if Λ[M,X ] ≤ Λ[N,X ] for all X ∈ modΛ).
The relation≤Hom is clearly reflexive and transitive. In [1], M. Auslander showed
that ifM 6≃ N then there exists an X ∈ modΛ such that Λ[X,M ] 6= Λ[X,N ], which
shows that ≤Hom is also antisymmetric.
M ≤vdeg N implies M ≤Hom N , but it is not known if ≤Hom is strictly finer.
However, if the algebra is representation-finite, all three orders are the same.
This was shown for algebras over algebraically closed fields by G. Zwara in [8] and
generalized to arbitrary artin algebras by S. O. Smalø in [4].
As with isomorphisms, we add a superscript when we need to specify which
algebra we are considering.
In section 3 we give several examples where ≤Λdeg differs from ≤
K⊗kΛ
deg . We also
give some examples of modules M,N where M ⊕M degenerates to N ⊕N but M
does not degenerate to N . For some algebras Λ the K ⊗k Λ-isomorphism classes
are the same as the Λ-isomorphism classes. We show that in these cases ≤K⊗kΛHom
and ≤ΛHom are also the same.
In section 4 we show that if the endomorphism ring of a module is a division
ring, then the module is minimal in the degeneration- and Hom-orders.
For background on representation theory of algebras we refer the reader to [2].
For an introduction to degenerations of modules, see [4].
2. Isomorphism classes
Let k be a field, K a separable finite extension of k and Λ a k-algebra. Let
Γ = K ⊗k Λ. For any Λ-module M we give K ⊗k M a Γ-module structure by
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(x ⊗ λ) · (y ⊗ m) = xy ⊗ λm. Since Λ is a subring of Γ any Γ-module is also a
Λ-module.
Furthermore, any Γ-homomorphism is a Λ-homomorphism, so X ≃Γ Y implies
X ≃Λ Y . But, as Example 1 shows, the reverse implication does not hold.
In Example 1 we see that the RQ-isomorphism class of M contains two CQ-
isomorphism classes, and one is in some sense a complex conjugate of the other.
On the other hand, the RQ-isomorphism class of the module
Xa : C
1 //
a
// C
contains only one CQ-isomorphism class if a ∈ R. If a is not real it has two CQ-
isomorphism classes. Note also that when a is real there exists a RQ-module Ya
such that Xa ≃
CQ C⊗RYa, whereas when a is not real there is no such RQ-module.
Similarly, for any indecomposable CQ-module M its RQ-isomorphism class con-
tains either one or two CQ-isomorphism classes. When there are two, a module in
the second class can be constructed from M by complex conjugation.
More generally, if K is a normal extension of k of degree n, the Λ-isomorphism
class of an indecomposable Γ-module splits into at most n Γ-isomorphism classes,
and they are related by k-automorphisms of K.
Given a k-automorphism of K and a Γ-module M , we can construct a Γ-module
that is Λ-isomorphic to M in the following way.
Let φ be a k-automorphism on K, and let M be a Γ-module. We construct a
new Γ-module Mφ by setting Mφ = M as k-spaces, and letting the multiplication
be given by (x ⊗ λ) ·Mφ m = (φ(x) ⊗ λ) ·M m. Now the identity on M gives
us a Λ-isomorphism φˆ : Mφ → M , where for any x ∈ K and m ∈ M we have
φˆ(xm) = φ(x)φˆ(m).
When K is a normal extension of k, let G(K/k) denote its Galois group.
We are now ready to prove the main result of this section.
Theorem 1. Let M ∈ modΓ. The multiplication map
µM : K ⊗k M →M
x⊗m 7→ xm
is a split epimorphism of Γ-modules.
Furthermore, if K is a normal extension of k, then we have
K ⊗k M ≃
Γ
⊕
φ∈G(K/k)
Mφ.
Proof. We prove the first part by constructing a splitting of µM .
Let µ : K⊗kK → K be the map given by µ(x⊗y) = xy. This is aK⊗kK-module
epimorphism. Since K is separable we have by Lemma 9.2.8 and Theorem 9.2.11 in
[6] that K is a projective K ⊗kK-module, and thus µ splits. Let ν : K → K ⊗kK
be a splitting of µ.
We first consider M = Γ = K ⊗k Λ. K ⊗k Γ = K ⊗kK ⊗k Λ is a Γ-module with
multiplication (x⊗λ) ·(y⊗z⊗κ) = xy⊗z⊗λκ. Let νΓ : K⊗kΛ→ K⊗kK⊗kΛ be
given by νΓ(x⊗ λ) = ν(x)⊗ λ. This is a Γ-module homomorphism and a splitting
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of µΓ. We now show that for any f ∈ HomΓ(Γ,Γ) the following diagram commutes.
Γ
f //
νΓ

Γ
νΓ

K ⊗k Γ
K⊗kf // K ⊗k Γ
The homomorphism f is given by right multiplication with an element in Γ, and it
is enough to check that the diagram commutes for all generators of Γ. Let x, y ∈ K,
α, β ∈ Λ and f = − · y ⊗ β. Then νΓf(x ⊗ α) = νΓ(xy ⊗ αβ) = ν(xy) ⊗ αβ and
K ⊗k fνΓ(x ⊗ α) = K ⊗k f(ν(x) ⊗ α) = ν(x) ⊗ α · 1 ⊗ y ⊗ β, and since ν is a
K ⊗kK-homomorphism we have ν(x)⊗α · 1⊗ y⊗ β = ν(xy)⊗αβ, so the diagram
commutes.
For a free Γ-module Γn let νΓn be given by νΓn((γ1, . . . , γn)) = (νΓ(γ1), . . . , νΓ(γn)).
Then for any f ∈ HomΓ(Γ
a,Γb) the following diagram commutes.
Γa
f //
νΓa

Γ
ν
Γb

K ⊗k Γ
a K⊗kf // K ⊗k Γb
For an arbitrary M , let
Γa
f // Γb
g // M
be a free presentation. Then we construct νM from the commutative diagram
Γa
f //
νΓa

Γb
g //
ν
Γb

M
νM

K ⊗k Γ
a K⊗kf // K ⊗k Γb
K⊗kg // K ⊗k M
.
Since
Γb
g // M
K ⊗k Γ
bK⊗kg //
µ
Γb
OO
M
µM
OO
also commutes and νΓ is a splitting of µΓ, νM is a splitting of µM .
Let φ ∈ G(K/k). Then we have a Γ-isomorphism 1 ⊗ φˆ : K ⊗Mφ → K ⊗M ,
so Mφ is a summand of K ⊗k M and the composition ιφ := 1 ⊗ φˆ ◦ νMφ is the
inclusion. Let θ 6= φ be another element in G(K/k), and let m ∈ im ιφ∩ im ιθ. Now
we view K ⊗k M as a K ⊗k K ⊗k Λ-module. Since m is in im ιφ, we have for any
x ∈ K that x⊗ 1⊗ 1 ·m = 1⊗ φ(x) ⊗ 1 ·m. Thus we get
1⊗ (φ(x) − θ(x)) ⊗ 1 ·m = 0
for all x ∈ K, which means that m = 0. Thus im ιφ ∩ im ιθ = (0), so M
φ and Mθ
are distinct summands. If K is normal it follows that
K ⊗k M ≃
⊕
φ∈G(K/k)
Mφ.

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When K is normal, this gives us a complete description of the Γ-modules that
are Λ-isomorphic to a given Γ-module.
Corollary 2. Let K be a normal extension of k, and let M1, . . . ,Mr be indecompos-
able K⊗kΛ-modules. If M ≃
Λ M1⊕ . . .⊕Mr, then there exist φ1, . . . , φr ∈ G(K/k)
such that M ≃K⊗kΛ Mφ11 ⊕ . . .⊕M
φr
r .
When K is not normal, this does not hold. Then Λ-isomorphisms do not even
preserve the number of indecomposable Γ-summands.
Example 2. LetK = Q(α) where α is a root ofX3−2. K is not a normal extension
of Q, and it has no nontrivial Q-automorphisms. K ⊗Q K as a module over itself
decomposes to K ⊕L, and L ≃ K2 as K-modules, but not as K ⊗QK-modules. In
fact L is an indecomposable K ⊗Q K-module.
3. Partial orders
Given two Γ-modulesM andN , we can ask ifM degenerates to N as a Γ-module,
but also if M degenerates to N as a Λ-module.
If we have M ≤Γdeg N , then there is an exact sequence of Γ-modules
0 // X // X ⊕M // N // 0 .
This is also an exact sequence of Λ-modules, so we also have M ≤Λdeg N .
We have already seen examples where M ≃Λ N but M 6≃Γ N . These examples
also show that Λ-degeneration does not imply Γ-degeneration. There are also proper
Λ-degenerations that are not Γ-degenerations.
Example 3. Consider the algebra
Λ =
(
C C
0 R
)
⊆M2(C).
This is a hereditary R-algebra corresponding to the Dynkin graph B2. We have
that C⊗R Λ ≃ CQ as C-algebras, where Q is the quiver
Q : 1 2
αoo β // 3 ,
via the isomorphism f : C ⊗R Λ → CQ given by f(1 ⊗ ( 1 00 0 )) = (e1 + e3), f(1 ⊗
( i 00 0 )) = i(e1 − e3), f(1 ⊗ (
0 0
0 1 )) = e2, f(1 ⊗ (
0 1
0 0 )) = (α + β) and f(1 ⊗ (
0 i
0 0 )) =
i(α− β).
The simple CQ-modules S1 and S3 are isomorphic as Λ-modules.
The CQ-modules
I1 : C C
1oo // 0 , I3 : 0 Coo
1 // C
are also isomorphic as Λ-modules. I1 degenerates to S2 ⊕ S3 as a Λ-module, but
not as a CQ-module, and the same holds for I3 ≤
Λ
deg S2 ⊕ S1.
In the above example all Λ-degenerations of Γ-modules can be decomposed into
Γ-degenerations and Λ-isomorphisms. That is, for any modulesM,N ∈ modΓ such
that M ≤Λdeg N , there exist M
′, N ′ ∈ modΓ such that M ≃Λ M ′ ≤Γdeg N
′ ≃Λ N .
This does not hold for all algebras.
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Example 4. Let Q be the quiver
Q : •
//// •
//// •
and let Λ = RQ and Γ = CQ. Consider the modules given by the following
representations:
A : 0
// // C
( 10 ) //
( 01 )
// C2 , B : C3
( 1 0 00 1 0 )//
( 0 1 00 0 1 )
// C2
( 1 00 1 ) //
( i 00 i )
// C2
C : C3
( 1 0 0 )//
( 0 1 0 )
// C
// // 0 , X : 0
//// C
( 1 ) //
( i )
// C
Now there is an exact sequence 0 // A // B // C // 0 in modΛ, so
we have B ≤Λdeg A ⊕ C. However, we have Γ[X,A ⊕ C] = 1 < Γ[X,B] = 2, so
B 6≤Γdeg A ⊕ C. Letting φ denote complex conjugation we also have A
φ ≃Γ A,
Cφ ≃Γ C and Γ[X,B
φ] = 2, so there are no modules M and N such that M ≃Λ
B ≤Γdeg A⊕ C ≃
Λ N .
Λ-isomorphisms do not preserve Γ-degenerations, and two Λ-isomorphic modules
can behave quite differently in the Γ-degeneration order. For example, minimality
is not preserved.
Example 5. Let Q be the Kronecker quiver and let Λ = RQ and Γ = C⊗RΛ. Let
M , N and N ′ be the modules given by
M : C2
( 1 00 1 ) //
( i 01 i )
// C2
N : C2
( 1 00 1 ) //
( i 00 i )
// C2 .
N ′ : C2
( 1 00 1 ) //
(
i 0
0 −i
)// C2
We have that M ≤Γdeg N , but N
′ is minimal in the degeneration order of modΓ
and N ≃Λ N ′.
For some algebras, e.g. Λ = kQ where Q is a simply laced Dynkin quiver, the
isomorphism classes in modΛ and modK ⊗k Λ are the same. It seems likely that
in these cases the degeneration order should also be the same. The Hom-order is
indeed the same.
Theorem 3. Let Λ be a k-algebra and Γ = K ⊗k Λ. The following are equivalent:
(1) M ≃Λ N ⇐⇒ M ≃Γ N for all M,N ∈ modΓ.
(2) M ≤ΛHom N ⇐⇒ M ≤
Γ
Hom N for all M,N ∈ modΓ.
Proof. We always have that M ≃Γ N =⇒ M ≃Λ N . If M ≃Λ N , then we have
M ≤ΛHom N and N ≤
Λ
Hom M . Assuming that 2 holds, we then have M ≤
Γ
Hom N
and N ≤ΓHom M , and thus M ≃
Γ N . This shows that 2 implies 1.
Now assume that 1 holds.
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For any k-algebra R and R-modules A and B we have HomK⊗kR(K ⊗k A,K ⊗k
B) ≃K K ⊗k HomR(A,B). Thus for any Γ-modules X and M we have Γ[K ⊗k
X,K ⊗k M ] = n · Λ[X,M ], where n is the degree of K. But given 1 we also have
Γ[K ⊗k X,K ⊗k M ] = Γ[X
n,Mn] = n2 · Γ[X,M ], so we get n · Γ[X,M ] = Λ[X,M ].
It follows that M ≤ΛHom N implies M ≤
Γ
Hom N .
Assume that M ≤ΓHom N . For every Λ-module X we have n · Λ[X,M ] = Γ[K ⊗k
X,M ] ≤ Γ[K ⊗k X,N ] = n · Λ[X,M ], and thus M ≤
Λ
Hom N .

This leaves the question of whether the same result holds for degenerations and
virtual degenerations. If Λ satisfies the statements of Theorem 3, do we also have
that ≤Λdeg and ≤
Γ
deg are the same?
For representation-finite algebras all three orders are the same, so in that case
the answer is yes. It looks like all algebras that satisfy the statements of Theorem
3 are representation-finite, so one option is to try to prove that.
Another possible way to prove Theorem 3 for degenerations is to use a Riedtmann
sequence in modΛ to construct a Riedtmann sequence in modΓ.
When isomorphism classes are the same, we have that for any short exact se-
quence
0 // A // B // C // 0
in modΛ there is a short exact sequence
0 // An // Bn // Cn // 0
in modΓ, obtained by applying K ⊗k −. It seems like this should imply that there
is a short exact sequence
0 // A // B // C // 0
in modΓ as well, and thus that Mn ≤deg N
n implies M ≤deg N . Unfortunately
this is not true in general.
The next example, which is a variant of the Carlson example mentioned in the
introduction, shows that Mn ≤deg N
n does not imply M ≤deg N .
Example 6. Let Λ be the exterior k-algebra in two variables X and Y . Let f ∈ Λ
be an element of degree 1, i.e. f = aX + bY for some a, b ∈ k, and let (f) be the
submodule of Λ generated by f . There is an exact sequence of Λ-modules
0 // (f) // Λ // (f) // 0 ,
which shows that Λ ≤deg (f)
2. If g ∈ Λ is another element of degree 1, then we have
Λ2 ≤deg ((f) ⊕ (g))
2. However, by Theorem 5.4 in [5] we have Λ ≤deg (f) ⊕ (g) if
and only if (f) ≃ (g). As in the original Carlson example, we have Λ ≤vdeg (f)⊕(g)
for all f, g.
Adding a suitable K-structure, this shows that we may have M ≤Λdeg N and
M ≤Γvdeg N without having M ≤
Γ
deg N .
We give one more example of this, due to S. Oppermann and S. O. Smalø. Here
we also see that we can have a monomorphism from A2 to B2 without having any
monomorphisms from A to B.
Example 7. Let Λ be the exterior k-algebra in three variablesX , Y and Z. Let r be
its radical and S the simple Λ-module. The Λ-homomorphism f : (Λ/r2)2 → (r/r3)2
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given by right multiplication with the matrix (X YY Z ) is a monomorphism, but there
are no Λ-monomorphisms from Λ/r2 to r/r3. Since coker f is semisimple, we have
an exact sequence
η : 0 // (Λ/r2)2 // (r/r3)2 // (S2)2 // 0 ,
but there is no exact sequence
0 // Λ/r2 // r/r3 // S2 // 0 .
The exact sequence η shows that (r/r3)2 ≤deg (Λ/r
2 ⊕ S2)2, and thus r/r3 ≤Hom
Λ/r2 ⊕ S2.
We also have r/r3 ≤vdeg Λ/r
2 ⊕ S2. There are exact sequences
0 // Λ/r2
(XZ )//
r/r3 ⊕ (Z)/r3 // r/(XZ) // 0 ,
0 // (XZ) // r/(XZ) // (XZ, Y Z) // 0 ,
0 // (Y Z) // (XZ, Y Z) // S // 0 ,
0 // (Z)/r3 // (XZ)⊕ (Y Z) // S // 0 ,
which show that r/r3 ⊕ (Z)/r3 ≤deg r/(XZ) ⊕ Λ/r
2 ≤deg (XZ) ⊕ (XZ, Y Z) ⊕
Λ/r2 ≤deg (XZ)⊕ (Y Z)⊕ S ⊕ Λ/r
2 ≤deg Λ/r
2 ⊕ S2 ⊕ (Z)/r3.
There is no degeneration though, as we will see from Proposition 4 below.
In both examples we have a virtual degeneration, so it is possible that Mn ≤deg
Nn implies M ≤vdeg N . Note also that the exterior algebras do not satisfy the
statements of Theorem 3. Thus it is still possible that in this more restricted case
Mn ≤deg N
n also implies M ≤deg N .
To see that r/r3 does not degenerate to Λ/r2⊕ S2 in Example 7, we will look at
their submodules. The 4-dimensional submodule Λ/r2 ⊆ Λ/r2⊕S2 is generated by
one element. In r/r3, on the other hand, any submodule generated by one element
is at most 3-dimensional. This turns out to be impossible if we have a degeneration.
For a Λ-module M and a natural number i, let SubiM be the set of submodules
of M that are generated by i elements. We have a function fi : modΛ → N for
each i, given by
fi(M) = max
N∈SubiM
dimkN.
Proposition 4. Let k be an algebraically closed field and Λ a finite-dimensional
k-algebra. Let M and N be Λ-modules such that M ≤deg N . Then fi(M) ≥ fi(N)
for all i.
Proof. We want to show that for any m, d, i ∈ N, the set {X ∈ modd Λ|fi(X) ≤ m}
is closed in modd Λ. Let {λ1, . . . , λn} be a basis for Λ. For any i-tuple x =
(x1, . . . , xi) of elements in k
d, we have a function φx : modd Λ →Md×ni(k) given
by
Y 7→

Y (λ1)x1 · · · Y (λn)x1 Y (λ1)x2 · · · Y (λn)xi

 .
The columns of φx(ρ) span the submodule of Y generated by {x1, · · · , xi}, thus the
dimension of that submodule equals the rank of φx(Y ). Let Zm ⊆Md×ni(k) be the
set of matrices with rank at most m. Then the set of modules where {x1, . . . , xi}
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generates an at most m-dimensional submodule is the inverse image of Zm, and we
have
{X ∈ modd Λ|fi(X) ≤ m} =
⋂
x∈(kd)i
φ−1
x
(Zm),
which is closed since the maps φx are continuous and Zm is closed.
Hence the closure of the isomorphism class ofM is contained in {ρ ∈ modd Λ|fi(ρ) ≤
fi(M)}, so if M ≤deg N we have fi(N) ≤ fi(M). 
It follows immediately that we cannot have a degeneration in Example 7 if the
field is algebraically closed. Even if the field is not closed, a degeneration is not
possible. If there were a degeneration, applying k ⊗k − to its Riedtmann-sequence
would show that N = k ⊗k (Λ/r
2 ⊕ S2) is a degeneration of M = k ⊗k r/r
3. But
f1(M) = 3 and f1(N) = 4, so by Proposition 4 we haveM 6≤deg N and consequently
r/r3 6≤deg Λ/r
2 ⊕ S2.
4. Endomorphism rings
Let k be a field, Λ a k-algebra and M and N Λ-modules such that M ≤deg N .
Since also M ≤Hom N , we have Λ[M,M ] ≤ Λ[M,N ] and Λ[M,N ] ≤ Λ[N,N ],
and thus Λ[M,M ] ≤ Λ[N,N ]. If M 6≃ N , then this is a strict inequality. If k is
algebraically closed, this can be shown geometrically. For arbitrary fields it can be
seen from the following lemma, which is Lemma 5.3 from [4].
Lemma 5. Let M and N be two nonisomorphic Λ-modules such that M ≤Hom N .
Then we have Λ[N,M ] < Λ[N,N ].
It follows from Lemma 5 that if N is a proper Λ-degeneration of M , then
EndΛM must have strictly smaller dimension than EndΛN . Thus if EndΛM is
one-dimensional, M cannot be a proper degeneration of anything.
If k is algebraically closed, the only finite extension of k is k itself. In this case it
is obvious that if EndΛM is a field, thenM must be minimal in the Hom-order, and
thus also in the degeneration order. When k is not algebraically closed, EndΛM
might be a field different from k. In this case, Λ[M,M ] is greater than one, so it is
not immediately obvious that M should be minimal. However, it is.
Proposition 6. Let M be a Λ-module such that EndΛ(M) is a division ring. Then
M is minimal in the Hom-order, and also in the degeneration order.
Proof. Assume there exists a module N 6≃ M such that N ≤Hom M . By Lemma
5 we have 0 < Λ[M,N ] < Λ[M,M ]. On the other hand, HomΛ(M,N) is a right
EndΛ(M)-module, which is free since EndΛ(M) is a division ring. Thus Λ[M,M ]
divides Λ[M,N ], which is a contradiction.
HenceM is minimal in the Hom-order, and since the degeneration order is coarser
than the Hom-order, M is also minimal in the degeneration order.

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